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WITH COMPLEX ORDER
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ABSTRACT

In this paper, we investigate some results on subordination, superordination, best dominant
result and the sandwich theorem of the new class o, (e, 5,77) of analytic functions with

Koebe type. Further, by making use of Jack’s Lemma as well as several differential and other
inequalities, sufficient condition for starlikeness of the class o€, (e, B,77) of n-fold symmetric

analytic functions of Koebe type is derived. Relevant connections of the results presented here
with those given in earlier works are also indicated.
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ABSTRAK

Dalam makalah ini dikaji beberapa hasil berkenaan dengan subordinasi, superordinasi,
dominan terbaik dan teorem himpitan bagi kelas fungsi baharu of¢, (o, #,17) yang merupakan

fungsi analisis jenis Koebe. Selanjutnya, dengan menggunakan Lema Jack bersama beberapa
ketaksamaan pembeza dan ketaksamaan yang lain, syarat cukup untuk kebakbintangan bagi
kelas fungsi o€, (o, B,n) yang analisis jenis Koebe simetri lipat-» diperoleh. Hubungan yang

berkaitan dengan kajian-kajian terdahulu juga dinyatakan.

Kata kunci: subordinasi; superordinasi; fungsi analisis; kebakbintangan; jenis Koebe

1. Introduction
Let H(U) denote the class of analytic functions in the open unit disc U ={z:z|<1} of
complex plane C. Let H|[a,1] denote the subclass of the functions f€ H(U) of the form
f(2) =a+alz+a222 +..., ae C. Also, let A be the subclass of the function f€ H(U) of
the form
f(z)=z+iakzk, (ze U). )

If the function f and g are analytickirzl U, we say that the function f is subordinate to
g or g is superordinate to f , writtenas f < g or f(z)<g(z), if there exist Schwarz
function w(z) such that f(z)=g(w(z)) with w(0)=0 and |w(z)<1| in U.

Suppose that # and k are two analytic functions in U, let :C*xU —C. If hand
(p(h(z),zh'(z),zzh”(z);z) are univalent functions in U and if /4 satisfies the second order

superordination

k(z) < o(h(2), 2K (2), 2K (2); ), )
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then k is said to be a solution of the differential superordination (2). A function ge H(U) is
called a subordinant to (2), if ¢(z) < h(z) for all the functions # satisfying (2).

A univalent subordination ¢ that satisfies g(z) < §(z) for all of the subordinants g of (2),
is said to be the best subordinant. Miller and Mocanu (2003) obtained the sufficient
conditions of the functions &,g and ¢ for which the following implications hold

k(2) < @(h(2), 2K (2), 2K (2); z) = q(2) < h(2).
Let S and S (er) be the familiar classes of starlike functions in U and strongly starlike

functions of order o in U (0<a<1), if it satisfies

S*={f:f6.f4and Re[zji'((z))J>O, (ze U)} (3)

zf'(z)
arg( f(z) J

respectively. Also S* ()= S"and §°(1)=5".
Next, we let (e, f,7) the class of functions fe 4, for a>0,| f+ni|<1, S and

ne R of real numbers, that is

Re (zf’(z)jﬂm(zf'(z) g Zf"(Z)J >0, ze U. (5)
f(2) 7(2) /')

The class o€ (o) =€ (2,0,0) was first introduced by Mocanu (1969), which was then
known as the class & convex (or « -starlike) functions. Later, Miller et al. (1973) showed
that o€ (o) is subclass of S" for any real number e and also that o€ (o) is a subclass of

convex function K, for &>1. Note that ¢ (0) =S and (1) =K.

Kamali and Srivastava (2004) derive the sufficient conditions for starlikeness of n-fold
symmetric function f, of Koebe type, which is defined by

5i(2)=

and

5*(0()={f:fe.54 and

<a%,zeU,O<aS1}, “)

V4

(1-=)

which obviously corresponds to the familiar Koebe function when »=1and b=2. From (5)

(b=0;ne N:={1,2,3,..}), (6)

and (6), the class of function A with complex order is defined by
o (a.Bn).= Re{(zf;(z) ]ﬁ (zf{(z) +az Zfb,“z)} 20, zeU. ™
1, (2) 1, (2) 1,(2)

We note again that <(0,0,0)=c€(0) < S™(0). €(1,0,0)=E (1) S*(1/2) was
investigated by Ramesha et al. (1995), €(1,0,0) = (1) = S"(y) where (¥ <1/2)already
observed by Nunokawa et al. (1996), ¢ (,0,0) =€ () = S™ was discussed by Kamali
and Srivastava (2004) and €(e, 8,0) =€ (e, ) = S”, was studied by Siregar (2011).
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In this paper, we investigate the subordination, superordination, best dominant, best
subordinant, sandwich theorem and sufficient conditions for starlikeness of n-fold symmetric
function f, of Koebe type and its application of the class denote by ¢, (e, ,77). The work

of Bansal and Raina (2010), Kamali and Srivastava (2004), and Siregar (2011) have
motivated us to come to these problems. See also Shanmugam et al. (2007) and Siregar et al.
(2010) for different studies.

2. Preliminaries

In order to prove our subordination and superordination results, we make use of the following
known results.

Lemma 2.1. (Miller & Mocanu 1985) Let the function q(z) be univalent in the open unit disc

U and let the function 0 and ¢ be analytic in a domain D containing q(U), with
o(w) #=0when we q(U). Set

Q(z)zzq'(z)¢(q(z)) and h(z)zﬁ(q(z))+Q(z). ®)
Suppose that
(i) Q(z) is starlike univalent U and

0(z)
If 6’(p(z))+zp'(z)¢(p(z))<6’(q(z))+zq'(z)¢(q(z)) then p(z)<q(z) and q is the
best dominant of the subordination.

(ii) Re{Zh,(Z)}>O for ze U.

Lemma 2.2. (Bulbuaca 2002) Let ¢(z) be univalent in the unit disk U and let ¥ and ¢ be
analytic in a domain D containing q(U ). Suppose that,

(i) zq'(z)@(q(z)) is univalent and starlike in U

(ii) Re{m} >0 for ze U.
o(q(z

)
If p(z)e H[q(0),11nQ with p(U)< D and z}‘p(z)+zp'(z)¢)(p(z)) is univalent in U

and ¥(q(z))+zq'(z)p(q(2))< 8(p(2))+20"(2)@(p(z)) then q(z)< p(z)and q(z) is the
best subordinant.

Lemma 2.3. (Jack 1971) Let the (nonconstant) function w(z) be analytic in the unit disk
U and such that w(0) =0. If |w(z)| attains its maximum value on circle |z| =r =1at a point

z,€e U, we have zyw'(z)=kw(z,), where k=1 is areal number.

Lemma 2.4. (Fukui et al. 1992) The function f, defined by (6) is univalent if and only if
0<nb<2. )
Furthermore, the condition in (9) is necessary and sufficient for f, to be a starlike function.
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Lemma 2.5. (Miller & Mocanu 1978) Let©(u,v) be a complex-valued function such that
©:D—>C (DcCxC). Here C  being (as wusual) the complex  plane.
Letu=u,+iu, and v=v,+iv,. Supposed that the function ©(u,v) satisfy each of the

following conditions:
@) O(u,v) is continuous in D,

(ii) (1,0)e D and Re(©(1,0))>0,
(iii)
Let p(z)=1+ p,z+ p,z+--- be analytic (regular) in U such that
(p(2),2p"(z))e D, (zeU). IfRe((B(p(z),zp'(z)))e D, (zeU), then
Re(p(z))>0 (ze ).

Re(O(iu,,v,))<0for all (iu,,v,)e D such that v, < —%(1+u22).

3. Subordination and Superordination Results

The method of proving in the next theorem is similar to Bansal and Raina (2010), and Siregar
(2011).

Theorem 3.1. Let f(z)e A satisfy f(z)#0,(ze U). Also let the function q(z) be univalent in
U,with q(0)=1 and q(z)#0, such that for f and 1€ R,

Re{1+(ﬂ+77i)zq,(z) +zq”(z)} >0, (zeU)

q(z)  4'(2)
and
Re{(ﬁ+ni+2)q(z)+l(ﬂ+ni+1)+(ﬁ+77i)[Zq,(z)—lJ+zq,:(Z)}>0, (zeU) (10)
a q(z) q'(z)
for |B+ni|<1 and a>0. If
’ Bni ’ »
zf, (2) zf, (2) 2 fy (2)
77— h(z), (zeU), 11

then {%J <q(z)(zeU)and ¢(z) is the best dominant of (11), where
(2

h(z)=cdg(2)""" + (1- a)[q(2))"™" + 0zq'(2)[q(2)*™. (12)

Proof. Set p be defined by
p(2) =22, (13)
1, (2)
and
O(w) =w""(1—a)w+aw?) and @(w)=w".
Then 6(w) and ¢@(w) are analytic inside the domain D* which contains ¢(U), ¢(0)=1
and ¢(w) # 0 when we q(U).
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Also, we let
0(2) = azq'(2)p((9(2)) = 24 '(2)[g(2)]"*",
and
h(z)=6[q(2)]+0(2) = g + (1= D) g(2)""" + arzq (2)[g(2)),
then it follows from (10) and (11) that Q(z) is starlike in U and
Re{%}= Re{(ﬂ+77i+2)q(z)+$(ﬂ+m’+1)+(,B+ni)[zj((zz)) —1]+zf],((;)} >0.
We also note that the function p(z) is analytic in U, with p(0)=¢(0)=1. Since
0¢ p(U), therefore p(U) < D".Hence, the hypothesis of Lemma 2.1 are satisfied.
#2) , f@) Z{fh’(z)}z |
1 (2)

Since p(z)= %, then we have p’(z) = L) )

Multiplying p’(z) with z, we have
FNOWENG) {Zﬂ@ﬁ
Hh@ K@ | LG

zp'(z) =

Therefore
AN (O W /6 BN :
o (2) 5 J{JZ(Z)} =2p'(2)~ p(2)+[p(2)] .
Applying Lemma 2.1, we find that

’ ﬂ+l ’ ”n
(zf,, (z)] (f @, ) (Z)J

£, £,(2) 1)
~[p" | @)+ @) - p)+ [P |
=a[p@]"" + (- p)) " +azp' () p2)]"

=0(p(2))+azp )P < h(z)
=g + 1) g + azg @) p(2)]"
=6(¢(2))+azd (D))" (zeU).

Thus in view of Lemma 2.1, we get
z1,'(z) . .
= 1<¢q(z) (zeU) and ¢(z) is the best dominant of (11). O
e
Theorem 3.2. Let f be analytic in U such that f(0)=0, h be convex univalent in U
and he H[0,1]NQ. Assume that
4 ﬁ+”l ’ 4
ENOY N EXCIRING
£(2) /() 1 (2)
is a univalent function in U, where |ﬂ + 77i| <1 and a>0.1If he A and the

subordination
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, B+ni ’ ”
o, (z)] 7,2, 2 1@
/(2) 1(2) 1(2)

holds then q(z)< (sz'(z)/f,, (z)) implies that q(z) < p(z), where p(z) = (sz'(z)/fh (z)) and

h(z) = 9(6](2))+0{zq’(z)[q(z)]ﬂ+m_<[

q(z) is the best subordinant.

Proof. Our aim is to apply Lemma 2.2. By setting

p(z)= fob((z)) . I =w(-a)w+aw’) and  @(w)=w" (14)
b z
then ¢(w) and ¢ (w)are analytic inside the domain D * which contains p(U), p(0)=1and

@(w)#0 when we p(U).
It can be observed that ¢ (w) ,¢ (w) are analytic in U. Thus,

. 19'(61(2))}>
K {(p(q(Z)) .
Now, we show that
h(z)=0(q(2))+azq'(z)e(q(2)) < p(p(2))+azp’(2)p(p(2)).
By the assumption of the theorem _
h(z)=(q(2))+ezq (z)[a()]""

=alq(2)]"" v (1-a)a(2) ] v ez () a ()]
<a[p()]" () p(2)]" v ez’ (2) [ p(2)]"
=3(p(2))+azp'(z)[ p(z)]""
={Zfb’(Z) JM [Zfb'(Z) e M]

1,(2) 1,(2) 1 (2)

Thus in view of Lemma 2.2, ¢(z) < p(z) which implies ¢(z)< sz,(z)/fb (z) and g is
the best subordinant. []

If we combine Theorem 3.1 and Theorem 3.2, then we obtain the differential Sandwich-
Type theorem. For f+ni=1 and =1 in Theorem 3.1, then we get the following interesting

corollary.

Corrollary 3.1. Let f(z)e 4 satisfy f(z)#0, (ze U). Also let the function q(z) be univalent
in U with q(0)=1 and q(z) # 0, such that

Re{l+q(z)_ZZ;(ZZ))+2(ZIT((E;}>O, (zeU) (15)
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I

o, (2) _z4(2)
[1+ 0 ]-<q(z) 2 ,(zeU), (16)

then sz’(z)/fb(z)-< q(z), (ze U).

4. The properties of the class o (&, 8,7)

We begin by proving a stronger result than what we indicated in the preceding section. The
method of proving is similar to Kamali and Srivastava (2004).

Theorem 4.1. Let the n-fold symmetric function f,(z) defined by (6), be analytic in U, with

f,(2)/z#0(ze V).
(i) If f,(z)satisfies the inequality:

’ Bni ’ 2
Rel| #2(2) (D) 7 (2)
1(2) 7(2) 1(2)

>(1_%b]ﬁ {cosln(zz—nb)}{_azb+(1_%b)(1_a7nbﬂ a7

Then, f,(z)is starlike in U for o>0 and |B+ni|<1 and

OSnb<2;MSanM; (A =90° — 4o +4).
200 200
(i) If f,(z)satisfies the inequality (17) withae=0and B+ni=0 that is, if
Re| oG |5 _nb (ze U). (18)
/,(2) 2

Then, f,(z)is starlike in U for 0<nb<2.
(iii)  If f,(z)satisfies the inequality (17) with B+ni =1, that is, if

Re(a szfh( ()Z) T ij((z))J >—0’Zb +(1—”7bj[1—“7”bj, (zeU). (19

Then, f,(z)is starlike in U for
3a+2-+A 3o+ 2+VA
<nhb —mM;
2 2a

a>0 and ————— (A" =90 — 4o+ 4).

o

Proof. (i) Let & >0 and f, (z) satisfy the hypothesis of Theorem 4.1. We put

z]‘b'(Z):1+(nb_l)W(Z), 20)
1,(2) 1-w(z)
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where w(U) is analytic in U, with w(0)=0 and w(z) #1, (z€ U). Then, we have

|:fb’(z) + Zfb”(z):|fb(z) - Z|:fb,(Z):| (nb—1)w'(z)(1-w(2))+ w'(z)[l +(nb— l)w(z)]

[T (1-w(2)’

(nb=1)w/(2)(1-w(2))+ W (2)[ 1+ (nb—1)w(2) |
(1—w(z))2

_ nbw'(2) = w'(z) — nbw(2)W'(2) + w(2)w'(2) + W'(2) + nbw(z)W'(2) — w(2)w'(2)

(1-w(z))’

nbw'(z)

[1 - w(z)]2 ’

which implies that
9,2, L@ | L@ nbw(o) e
@ L@ L@ [1-we)]

On the other hand, we can write

/G NN C) {sz(z)}

1 (2) 1@ | /,(2)

_ nbw(z)  1+(nb-1)w(z) +[1+(nb—l)w(z))2
[1-w(z)] 1—-w(z2) 1—w(z2)

and

S (2) [1- w(z)]2 1-w(z) 1-w(z)

—u nbw’(z)2+(l+(nb—l)w(z)]2 _0{1+(nb—1)w(z)}
[1 - w(z)] 1-w(z) 1-w(z)

which in turn, implies that

7,2, 21 @) :£1+(nb—1)w<z)]+
1(2) 1,(2) 1—-w(z)

" nbw’(z)2+[l+(nb—1)w(z)J2 _a1+(nb—1)w(z)}
[1-w(2)] 1-w(z) 1-w(z)

:a[[ nbw'(z) +[1+(nb_1)W(Z)]2J+(1_C()1+(nb_1)W(Z)-

l—w(z)]2 1-w(z) 1-w(z)

azsz"(z) _ 0{ nbw'(z) 1+ (nb—1)w(z) +(1+ (nb—l)w(z)JzJ
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Therefore

’ Bni ’ ”
[Zf,,(Z)J {sz(z)mff,, (z)]

1 (2) 1, (2) 1, (2)

:[1+(nb—1)w(2)]ﬂ+m o (@) +(1+(nb—1)w(z)J2 +(1_a)1+(nb—1)w(z)
1—w(z) [1-w(z)] 1—w(z) 1—w(z) ’

Now, we claim that w(z) <1, (ze U). If there exist z, a in U such that |w(zo)| =1,

then by Lemma 2.3, we have z,w'(z) =kw(z,), where k >1is a real number. By setting
w(z,)=e" (0<6<2r),thus we find that

R y
NEAC N EAC I
@) [ hE@ T 4@

1+ (mb=Dw(z,) ) "
1-w(z,)

=Re

_a nbw’(zo)z+(1+(nb—1)w(zo)j2 +(1_a)[1+(nb—l)w(zo)ﬂj
i [1-w(z,)] 1-w(z,) 1-w(z,)

1,0\ i0 L0 ) 1\,
Re 1+(1nb ml)e j " nbki 2+[1+(nb wl)e ) +(1_a)(l+(nb iel)e j
—e [l—e’ J I—e l—-e

1,0\ i0 L0\ i
~Re 1+ (nb iel)e o nbk? 4 1+ (nb igl)e N (1 —0!) 1+ (nb igl)e '
l-e [1_619] I-e l-e

By taking e’ =cos@+isin 6, we get

Bni 2 272
=Re(1—nbj o nbk +[1_nbj _—nb (1+cos9j +(1_a)(1_nbj ’
2 : {9) 2 4 \l-cosé® 2
4sin 5

b\ cosln(Z—nb) —nbk nbY  —n*b? (1+cos6 nb
=1-2 o p[1-00 ) T IRCOSON g 1-22 ],
2 2 .2(9) 2 4 \1-cos@ 2
4sin E

e k + nbk cos* (Bj

S R R
2
e e (e e !

since k>1.
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If we let

’ Bni ’ ”
N EAC N EAOTEING
@) AT 4G

s(l—”—zbjﬂ {Cosm(;_nb)}{ “Zh(l—%ﬂ( —aTnbﬂﬂ(nb). 22)

Then,

3a+2—\/A_San3a+2+\/A__(
200 200

7(nb)<0, £0Snb<2; ; (A :=9a2—4a+4)].

Thus we have

’ ﬁ+771 ’ 2 4
Re [f (zo)] {f (z())mzoﬁ,(zo)} 0.

fb(ZO) fb(zo) fb(ZO)
(OSnb<2;MSanM; N ;=9a2—4a+4)} 23)
20 2x

which is a contradiction to the hypotheses of (17). Therefore, |w(z)| <lforallin U.

Hence f, is starlike inU , there by proving the assertion (i) of Theorem 4.1. This

complete the proof of our theorem. The proof of the assertion (ii) of Theorem 4.1 was given
by Fukui et al. (1992) and the proof of the assertion (iii) of Theorem 4.1 was given by Kamali
and Srivastava (2004) and so we omit the details.

From the result in Theorem 4.1 (i), we can obtain another one for 0 <nb<2, so that
from Lemma 2.4, the function f, defined by (6) is univalent and starlike function.

5. Application of Differential Inequalities

We apply the following result involving differential inequalities with a view to deriving
several further sufficient conditions for starlikeness of the n-fold symmetric function
£, defined by (6) by using Lemma 2.5.

Let us now consider the following implication:

4 ﬂ+”’ ’ ”
. (f (z)j [th(z)mzzf,, (z)} §

1, (2) /»(2) 1(2)
(l_n_bjﬂ{cosln(Z—nb)M_Omb+(l_n_bj(l_0‘_nbﬂ:>Re [ZM]” >0 (24)
5 2 4 2 2 1, (2)

B
In(2-
zeU;(l——nbj cosln(2—nb) —“”b+[1—”—bj(1—“—”bj <1l a>0u>1].
2 2 4 2 2

10
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’ H
If we put p(z) = {z /]2’ ((Z))} then (24) is equivalent to

»\Z

Re {%{P(z)}: p'(2)+af{p()} +(1-a){p(2)}x

+(1_%j/3 {cosln(j—nb)}{ azb +(1_n7bj(1_0(7nbﬂ}>o o5)

=Re(p(2))>0, (zel).

By setting p(z) =u and zp’(z) = v, and letting

-1 2 1

O(u,v) - +(1—0!)u; +
U

(1_%,)jﬁ {cosln(j—nb)}[_azb +(1_n?bj(l_a7nbn

For o > 0,|ﬂ + 77i| <1, 421 and from Lemma 2.5, we have

Re(@(l,O))zH[l—n—zbjﬂ :cosln(z—nb)}{_ anb +(1—n—bj[l— anbﬂ -0,

2 4 2

(1_%19jﬁ {cosln(j—nb)]_ azb +(1_n_2bj(l_ mzabﬂd.

Thus the condition (i) and (ii) of Lemma 2.5 are satisfied. Moreover, for

since

(iu,,v,)e D such that v, S—%(l+u22),

we obtain

(1-#) —
Re(@(iu2,vl))=%|u2| 1”/4 v cos(%]+a|u2|; cos[%)+(1—a)|u2|/ll cos[%}

{12 [eom] e s o]

(1=x)

< —%(1 +u; )|u2| /l# sin[%) + a|u2|% cos(%) +(1 —0!)|u2 |% cos(lj

2u
+(1_%b]” {cosln(j—nb)}{_ azb +(1_%b)(1_a7nbﬂ

Which, upon putting |u,|=s (s >0), yields

Re(O(iuy,v,)) S D(s), (26)
where
o (=) V4 2 V4 < V4
D(s)= ——(1 + 57 )s sin(—j +as” cos(—] +(1-a)s” cos{—j,
2u 2u u 2u

11



Mohd Nazran Mohammed Pauzi & Maslina Darus

+(1—”7b]ﬁ {Cosm(j_”bq[—“é’:b+(1—”—2bj(1—0’7”bﬂ. 27)

If we choose =1 and nb — 2, we obtain the following result.

Theorem 5.1. If n-fold symmetric function f,, defined by (6) and analytic in U with

Mio (zeU),

z
satisfies the following inequality:
’ ﬂ+7]l ’ 4
Req| z /o ) z /o ) +az’ £ @ >0, (28)
1, (2) 1 (2) 1 (2)

then f,e S for any real a>0.

Proof. Fory =1, nb — 2, we find from (27) that
o 2
O(s)=——(1-3s")<0 R),
(5)==—(1=357)<0 (s B)

which implies Theorem 5.1 in view of the remark. [

Next, for & =2/3,nb=3% \/gand M1 =2, we get the next result.

Theorem 5.2. If n-fold symmetric function f,, defined by (6) and analytic in U with

@;ﬁo (zeU),

satisfies the following inequality:

, Bni , 2 7
WIEAC) [sz (2,221, (Z)} >0, (29)

14(2) 52 3 [, (2)
then

o, (2)
£,(2)

arg

T
<— (zeU
2 ( )

or, equivalently,
2 a1
= B.nlcS|—|
dg”(s / "J (2j
Proof. By setting o =2/3, nb=3+% V3 and M=2,in (27), we have
S35 (1=s)

12s
which leads us to Theorem 5.2 just as in the proof of Theorem 5.2. From the result in

Theorem 5.2, we can conclude that o€ (%,ﬂ,nj =0k (%,0,0J cs (%] O

D(s)=— <0 (s>0),
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Remark 5.1. If, for some choices of parameters o, 3, u and nb from Theorem 5.1 and
Theorem 5.2, we find that ®(s)<0, (s >0). Then, we can conclude from (26) and Lemma 2.5
that the corresponding implication (24) holds true.

Remark 5.2. For 17 =0, we will obtain the results in Theorem 5.1 and Theorem 5.2 by Siregar
(2011) and for #=1 and 77 =0, we will have result assert by Kemali and Srivastava (2004).
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