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ABSTRACT  

The current work investigates the thin liquid film flow problem in the Carreau hybrid nanofilm 

(Al2O3-Cu/H2O) on a stretching sheet numerically. There is a suction/injection effect at the 

stretching sheet’s surface, which is permeable. The boundary value problem solver (bvp4c) in 

MATLAB is applied to solve the system of linear equations obtained from the partial differential 

equations by employing suitable similarity variables. The effect of suction was found to 

contribute to improving heat transfer performance. The suction parameters had a more 

significant impact on the skin friction coefficient and heat transfer rate than the injection 

parameters. It was determined that the diminution of the film thickness at the free surface and 

the improvement of convective heat transfer rates were the most significant effects of the 

injection.  

Keywords: thin film flow; hybrid nanofilm; Carreau fluid  

 

ABSTRAK  

Kajian ini mengkaji tentang masalah aliran filem cecair nipis dalam nanofilem nipis Carreau 

(Al2O3-Cu/H2O) pada helaian regangan secara berangka. Terdapat kesan sedutan/suntikan pada 

permukaan helaian regangan yang telap. Penyelesaian masalah nilai sempadan (bvp4c) dalam 

MATLAB digunakan untuk menyelesaikan sistem persamaan linear yang diperoleh daripada 

persamaan pembezaan separa dengan menggunakan pembolehubah persamaan yang sesuai. 

Kesan sedutan didapati menyebabkan peningkatan prestasi pemindahan haba yang lebih baik. 

Parameter sedutan mempunyai kesan yang lebih ketara ke atas pekali geseran kulit dan kadar 

pemindahan haba daripada parameter suntikan. Didapati juga bahawa pengurangan ketebalan 

filem pada permukaan bebas dan peningkatan kadar pemindahan haba perolakan terhadap kesan 

suntikan adalah yang paling ketara.     

Kata kunci: aliran filem nipis; nanofilem hibrid; cecair Carreau 

 

1. Introduction 

The thin liquid film is an emerging technology in the manufacturing industry with promising 

applications such as polymer processing, reactor fluidisation, and wire/fiber coating. A smooth 

surface is necessary for the coating process to provide the best product appearance and achieve 

qualities like minimal friction, transparency, and strength (Dandapat et al. 2003). Furthermore, 

for most industrial purposes, such as batteries, thin-film solar cells, and photovoltaic cells, thin-

film flow is a necessity (Iqbal et al. 2020). As a protective coating applied to the extrudate, 

Wang (2006) dealt with the problem of the thin liquid film flow across an unsteady stretched 

sheet that simulates new paint. Andersson et al. (2000) enhanced the findings of Wang (1990) 

by introducing a new similarity transformation and incorporating the characteristics of heat 

transfer for the dimensionless temperature. Since the heat transfer and flow within a thin liquid 

film above the stretched surface dramatically impacts the quality of the finished products in 
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many manufacturing industries, Liu (2004) highlighted the significance of conducting thorough 

analysis and building a basic knowledge of momentum and heat transfers in such systems. 

Several works in literature, for example, see Alabdulhadi et al. (2023) examines the heat 

transfer and unsteady thin film flow of Al2O3 water nanofluid over an inclined stretching sheet 

that exhibits the impact of buoyancy force. The findings indicate that decreasing the film 

thickness occurs when the unsteadiness and magnetic parameters are increased. Moreover, In 

order to study the unstable thin film flow dynamic and heat transmission, Ali et al. (2022) used 

Al2O3 nanofluid through a stretched sheet with convective boundary conditions. 

Since nanofluid boundary layer flow has essential applications in contemporary technology, 

several researchers have dedicated their work to this field. Nanofluids have risen thermal 

conductivity, resulting in a higher nanoparticle volume. For instance, Tham et al. (2012)  

investigated the steady mixed convection boundary layer flow adjacent to the lower stagnation 

point of a horizontally oriented circular cylinder with a constant surface temperature, which is 

placed within a porous medium saturated by a nanofluid containing gyrotactic microorganisms. 

The thermal conductivity of the nanoliquid layer across an unsteady stretched surface was 

modeled by Narayana and Sibanda (2012) using a practical medium theory-based approach, 

and Xu et al. (2013) discovered that adding nanoparticles to base fluids may significantly 

enhance heat transfer properties. On the contrary, a hybrid nanofluid is a fluid that has been 

deliberately created and is made up of a homogenous combination of more than two 

nanoparticles with novel chemicals and physical properties. For instance, the coolant in welding 

and machining benefits from the hybrid nanofluid capability to provide the necessary heat 

transfer impact at minimal particle concentration. The innovative concept of the metal 

component being suspended in the liquid at a nanoscale to elevate the rate of heat transfer was 

introduced by Choi and Eastman (1995). The hybrid nanofluid is suggested to address this 

problem in research studies by Suresh et al. (2011) and Sundar et al. (2014). Moreover, the 

hybrid nanofluid was able to attract the curiosity of many scientists; see (Minea 2017; Waini et 

al. 2020; Zainal et al. 2020a; 2020b; Waini et al. 2021). 

Carreau was the one who initially proposed the general Newtonian Carreau liquid (Carreau 

1972). The model comes out to be reasonably suited via the disruptions in polymer performance 

at various stream places. In general, meltdown and some outcomes from diluted polymers are 

well matched by the Carreau model. Furthermore, it defines the shear thickening and shear 

thinning that characterise the behavior of many non-Newtonian liquids. Several researchers 

went on to discover the Carreau liquid model and its implementation in various natural and later 

scientific breakthroughs. Myers (2005) concluded that the Carreau liquid model is the preferred 

choice for thin film flow due to its high level of precision, considering the potential of the 

generalized non-Newtonian fluid. As a result, numerous important research papers have been 

released regarding the flow of Carreau thin film; see (Tshehla 2011; Khan et al. 2019; 

Naganthran et al. 2020a). The dual solutions of the Carreau liquid stagnation point stream in 

the vicinity of a porous stretched surface were discovered by Akbar et al. (2014). Moreover, 

numerous geometries were used by Abbasi et al. (2015) and Khan et al. (2019) to investigate 

the thermodynamics of a Carreau fluid thin film. The Carreau liquid thin layer plus energy 

transfer through a porous expanding surface was determined by Naganthran et al. (2020b). 

Researchers have reported several studies on the Carreau thin liquid film flow. Bilal et al. 

(2021), for instance, increased the mass and energy transfer rate across a stretching surface by 

examining the Carreau fluid of the thin film flow while incorporating Marangoni convection, a 

uniform magnetic field, and couple stress. Naganthran et al. (2021) investigated the melting 

heat transfer impact on the thin film flow of the Carreau hybrid nanofluid across a stretched 
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sheet. They found that the transport phenomenon behavior connected to negative film thickness 

was an unreliable method. 

Thus, the injection or suction phenomena are crucial to gain an improved understanding of 

the boundary layer flow. By inducing suction at the surface of the moving body, thus the 

boundary layer thickness is adjusted. Mukhopadhyay (2013) asserts that injection or suction of 

fluid through the boundary layer may drastically alter the flow field. As with the design of 

thermal oil recovery, thrust bearings, and radial diffusers, the suction and blowing processes 

are vital in many engineering operations. Suction generally contributes significantly to 

increasing skin friction, while injection has the reverse effect. In the polymer industry, several 

implementations, such as polymer fiber coating, wires, and film cooling, involve boundary 

layer control applications; thus, fluid injection over a porous bounding wall is frequently 

attention in these practical situations. In a chemical reaction, the reactants are added by injection 

and removed by suction, respectively. It lowers the drag by cooling the surface and prevents 

corrosion or scaling. 

The present work aims to employ the model in Wang (2006) and consider the 

suction/injection effects in the Carreau hybrid thin film across a stretching surface. Hence, the 

present formulation of the problem has reduced the nonlinear differential equation into ordinary 

differential equations that can be solved by employing Wang (2006) similarity transformation. 

The current study is significant in the coating process because it overcomes the shortcomings 

of the previous mathematical model for thin Careau hybrid nanofluid flow over a stretched 

sheet. As a result, the theoretical study advances our knowledge and improvement of coating 

processes, which are critical in many industrial applications such as medicinal appliances, 

electronics, and optics. Furthermore, by applying the built-in collocation method, the bvp4c in 

MATLAB, the formulated mathematical model has been resolved to yield approximate 

solutions. Up until now, the method mentioned above has been utilized to solve fewer problems 

related to thin film flow, particularly for thin Careau hybrid nanofilm flow. This study was 

effective in identifying the effects of the various values of nanoparticles, the unsteadiness 

parameter, the power-law index, the Prandtl number, and the influences of the suction/injection 

parameter on the numerical results are discussed in detail. Subsequently, this work is strongly 

acknowledged to be new and original. 

2. Problem Formulation 

The flow of the Carreau fluid was regarded as unsteady and incompressible in two-dimensional, 

with a constant thickness, ℎ(𝑡) for the thin liquid film. The origin of the Cartesian coordinate 

system defines the boundary of the Carreau fluid flow, which is enclosed by a thin liquid film 

and an accelerating sheet in a horizontal position. The flow setting is depicted in Figure 1, and 

the x − coordinate is oriented perpendicular to the y − coordinate. The fluid motion bounded 

by the thin film and the sheet accelerated is caused by the accelerating surface action, 

representing the stretched sheet position. The stretching sheet with the velocity is given by  
 

𝑢𝑤(𝑥, 𝑡) =
𝑏𝑥

(1−𝑑𝑡)
, (1)   

 

where b  and k  are positive constants with dimension time–1, 𝑑𝑡 ≠ 1, while 𝑏 > 0 initial the 

stretching rate. The surface of the sheet is molten and impermeable. The fluid temperature is 

signified by 𝑇, and the wall temperature, 𝑇𝑤 is described as (Tlili et al. 2021) 
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𝑇𝑤 = 𝑇𝑠 − 𝑇0√
𝑏2𝑥4

4𝜈𝑓
2(1−𝑘𝑡)

,  and 0 ≤ 𝑇0 ≤ 𝑇𝑠. (2)   

 

The reference temperature and slit temperature are indicated by 
0T  and 

sT , respectively. In 

addition, the end impacts and gravity are believed to be negligible and are thus excluded. The 

validity of the boundary layer model proposed in the present study is limited to situations where 

the thickness of the liquid film and the thickness of the boundary layer do not overlap. However, 

the current model formulation is rendered unreasonable (Maity et al. 2016). The smooth and 

waveless surface is also attributed to the thin planar liquid layer (Andersson et al. 2000). 

 

 
 

Figure 1: The thin film flow of a physical diagram across a stretched surface 

 

The Carreau fluid’s Cauchy stress tensor is written as (Myers 2005)  

 

𝜏 = −𝑝𝐼 + 𝜂𝐴1, (3)   

 

where  

 

𝜂 = 𝜂∞ + (𝜂0 − 𝜂∞)[1 + (𝜆�̇�)2]
𝑛−1

2 . (4)   

 

Wherein,   is the apparent viscosity, 𝜂∞ denotes the infinite–shear–rate viscosity, 𝜂0 

signifies the zero-shear-rate viscosity, 𝐼 implies the identity tensor, 𝜏 is the Cauchy stress tensor, 

𝑝 represents the pressure, 𝑛 denotes the power-law index, and 𝜆 is the material time constant. 

The shear rate, �̇� can be defined as 

      

�̇� = √
1

2
(�̇�: �̇�) = √

1

2
𝛱 = √

1

2
𝑡𝑟(𝐴1

2) = √
1

2
∑ ∑ �̇�𝑖𝑗�̇�𝑗𝑖𝑗𝑖 , (5)   

 

where 

 

𝐴1 = (𝑔𝑟𝑎𝑑 𝑉) + (𝑔𝑟𝑎𝑑 𝑉)𝛵 (6)   

 

while 𝐴1 is the Rivlin–Ericksen tensor stated more in Eq. (6) and 𝛱 represents the second 

invariant strain rate tensor in Eq. (5). 
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Contemplate the situations when 𝜂0 ≫ 𝜂∞ is most applicable. Typically, the extrapolation 

process determines the  𝜂∞ value or is fixed to zero (recommended theoretical value) (Boger 

1977). As a result, the 𝜂∞ value is amended to zero in the current work, which causes Eq. (3) to 

change to 

 

𝜏 = −𝑝𝐼 + 𝜂0[1 + (𝜆�̇�)2]
𝑛−1

2 𝐴1. (7)   

 

In the model of Carreau fluid, the characteristics of the Newtonian lies at (𝑛 = 0), dilatant 

lies at (𝑛 > 1), and pseudoplastic lies within (0 < 𝑛 < 1), exhibited where 𝑛 is the power-law 

index. Thus, the Carreau fluid governing liquid film flow can be defined as 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (8) 

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
=

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

𝜕2𝑢

𝜕𝑦2 [1 + 𝜆2 (
𝜕𝑢

𝜕𝑦
)

2
]

𝑛−1

2

  

                                    +
𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
(𝑛 − 1)𝜆2 𝜕2𝑢

𝜕𝑦2 (
𝜕𝑢

𝜕𝑦
)

2
[1 + 𝜆2 (

𝜕𝑢

𝜕𝑦
)

2
]

𝑛−3

2

,  (9)   

 
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

𝑘ℎ𝑛𝑓

(𝜌𝐶𝑝)
ℎ𝑛𝑓

𝜕2𝑇

𝜕𝑦2, (10)   

 

where u  is the velocity components along the 𝑥 −directions and 𝑣 are the velocity components 

along the 𝑦 −directions. Meanwhile, (𝜌𝐶𝑝)
ℎ𝑛𝑓

 represents the heat capacity, 𝜌ℎ𝑛𝑓 is density, 

𝑘ℎ𝑛𝑓 implies thermal conductivity, and 𝜇ℎ𝑛𝑓 is the hybrid nanofluid dynamic viscosity. The 

details of  (𝜌𝐶𝑝)
ℎ𝑛𝑓

, 𝑘ℎ𝑛𝑓, 𝜌ℎ𝑛𝑓, and 𝜇ℎ𝑛𝑓 are shown in Table 1.  

Table 1: Definitions of the correlation coefficients of the hybrid nanofluid (Takabi & Salehi 2014) 

 

Table 1 indicates that 𝜙 = 0 diminishes the model into a normal fluid and the nanoparticle 

volume percentage is 𝜙. Moreover, 𝜙1 signifies the (Al2O3) nanoparticle volume fraction and 

𝜙2 is Cu nanoparticle volume fraction. In addition, the total volume concentration is given by 

 

Properties Al2O3-Cu/(CMC/H2O) mathematical relation 

Density 𝜌ℎ𝑛𝑓 = (1 − 𝜙ℎ𝑛𝑓)𝜌𝑓 + 𝜙1𝜌𝑠1 + 𝜙2𝜌𝑠2 

Thermal capacity (𝜌𝐶𝑝)
ℎ𝑛𝑓

= (1 − 𝜙ℎ𝑛𝑓)(𝜌𝐶𝑝)
𝑓

+ 𝜙1(𝜌𝐶𝑝)
𝑠1

+ 𝜙2(𝜌𝐶𝑝)
𝑠2

 

Dynamic viscosity 

(Brinkman model) 
𝜇ℎ𝑛𝑓 =

𝜇𝑓

(1 − 𝜙ℎ𝑛𝑓)
2.5 

Electrical conductivity 
𝜎ℎ𝑛𝑓

𝜎𝑓
= [

(
𝜙1𝜎𝑠1 + 𝜙2𝜎𝑠2

𝜙ℎ𝑛𝑓
) + 2𝜎𝑓 + 2(𝜙1𝑘𝑠1 + 𝜙2𝑘𝑠2) − 2𝜙ℎ𝑛𝑓𝑘𝑓

(
𝜙1𝜎𝑠1 + 𝜙2𝜎𝑠2

𝜙ℎ𝑛𝑓
) + 2𝜎𝑓 − (𝜙1𝜎𝑠1 + 𝜙2𝜎𝑠2) + 𝜙ℎ𝑛𝑓𝜎𝑓

] 

Thermal conductivity 

(Maxwell model) 

𝑘ℎ𝑛𝑓

𝑘𝑓
= [

(
𝜙1𝑘𝑠1 + 𝜙2𝑘𝑠2

𝜙ℎ𝑛𝑓
) + 2𝑘𝑓 + 2(𝜙1𝑘𝑠1 + 𝜙2𝑘𝑠2) − 2𝜙ℎ𝑛𝑓𝑘𝑓

(
𝜙1𝑘𝑠1 + 𝜙2𝑘𝑠2

𝜙ℎ𝑛𝑓
) + 2𝑘𝑓 − (𝜙1𝑘𝑠1 + 𝜙2𝑘𝑠2) + 𝜙ℎ𝑛𝑓𝑘𝑓

] 



 

Dian Adline Jalaluddin, Roslinda Nazar, Kohilavani Naganthran & Ishak Hashim  

 

46 

 

𝜙ℎ𝑛𝑓 = 𝜙1 + 𝜙2 (11)   

 

where the two distinct types of nanoparticles suspended in the hybrid nanofluid.  

Consequently, 𝜌𝑓, 𝑘𝑓 and (𝜌𝐶𝑝)
𝑓
 is the densities, thermal conductivities, and heat 

capacitance of the base fluid, respectively. Based on physical presumptions, these correlations 

reinforce the mass and energy-conservation principle. Table 2 presents the physical parameters 

of the Alumina (Al2O3) nanofluids, copper (Cu) nanofluids, and base fluid (sodium 

carboxymethyl cellulose (CMC)/water). 

Table 2: The thermophysical properties of base fluid (sodium carboxymethyl cellulose (CMC)/water) and selected 

nanoparticles (Oztop & Abu-Nada 2008; Abo-Elkhair et al. 2021) 

Properties 𝐶𝑝(J/kgK) 𝜌(kg/m3) 𝑘 (
𝑊

mK
) �̂� × 10−5(mK) 

Al2O3 765 3970 40  0.85 

Cu 385 8933 400  1.67 

CMC/H2O (0-0.3%) 4179 997.1  0.613 21 

 

Eqs. (8)-(10) are coherent with the boundary conditions as follows:          

                                        

( )

0 : 0, 0, 0 for all  and .

0 : , , , at 0,

0, 0, at .

w w w

hnf

T
t u v T x y

y

t u U x t v v T T y

u T dh
v y h

y y dt



 = = = =



 = = = =

 
= = = =

 

 (12)   

 

The fluid motion through v dh dt=  is subjected to the kinematic restriction at y h= . As a 

result, at the adiabatic free surface, the heat flux and the wall shear stress completely vanish 

and thus 0u y T y  =   =  at y h= . Consequently, the following similarity transformations 

are given (Andersson et al. 2000):        

                    

( ) ( ) ( )

( )
( )

( )
2

0
3

0

, , ,
1 1 1

1
, ,

2 1

f f

w
s

w f

b bbx
x f u f v f

dt y dt x dt

T T bx
T T T

T T dt

  
     

   


 
= = = = − = −

−  −  −

 −
= = −  

 − − 

 (13)   

( )
,

1f

y b

dt


 
=

−
 (14)   

 

where prime deduces the derivative with respect to .  The continuity equation is solved by 

applying the similarity conversion as in Eq. (13) and Eq. (14) to the governing model Eqs. (9)- 

(12), and the remaining equations are then transformed as follows:  

 
3

2 2 2
2 2 21 1 0,

2

n

hnf f

hnf f

nWe We
f f f R ff f f f

R R

  


 

−

     
      + + + − − − =           

 (15)                    
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( ) ( )
3

Pr 2 0,
2 2

hnf f

p phnf f

k k
R f f

C C

 
    

 

 
   + − − − = 

 
 (16)   

 

together with the boundary conditions: 
 

( ) ( ) ( ) ( ) ( ) ( )0 , 0 1, 1 / 2, 1 0, 0 1, 1 0,f S f f f    = = = = = =  (17)   

 

while presenting the constant mass transfer parameter, 
1

,w

f

v dt
S

b 

−
= −  with a setup where the 

suction effect appears with 0,S   while the injection situation occurs with 0,S   the local 

Weissenberg number is formulated as 
( )

2 3 2

3
,

1f

b x
We

dt




=

−
 the Prandtl number is defined as 

( )
Pr

p ff

f

C

k


= , and 

d

b
 =  signifies the dimensionless measure of unsteadiness. It is 

highlighted here that setting 1n =  and 0We =  affect the model in Eqs. (14)-(17) to exhibit the 

Newtonian characteristics. Thus, the solution of Eq. (15) subject to the boundary conditions in 

Eq. (17) for fixed value of   would be locally similar. The dimensionless quantity   is 

determined at any x − station according to the local similarity approach, and the influence of 

the upstream flow history on the similarity variable is disregarded, except in cases where it has 

an impact (Rahman 2011). 

Meanwhile, 
2R =  is an unknown constant that has to be determined during the process of 

solving the problem. Next,   is an unknown constant that depicts the dimensionless film 

thickness and indicates the value of similarity variable ( )  at the free surface; hence the 

expression in Eq. (14) may be written as, 

 

( )
.

1f

b
h

dt



=

−
 (18)   

 
This unknown constant   must be calculated as integral to the boundary-value problem. 

Thus, 
 

( )
,

2 1

fdh d

dt b dt


= −

−
 (19)   

 

explicates the change in the film thickness rate. However, the Eq. (15) and Eq. (16) of Carreau 

fluid model disclose Newtonian characteristics when 1n =  and 0We = . In the current work, 

the physical parameters of attention are the local skin friction coefficient ( )fxC  and the local 

Nusselt number ( )xNu , which can be expressed as follows:  

 

( )
2

0

, ,
2

w w
fx x

ff w

q x
C Nu

k TU




= =  (20)   
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Here, the heat flux from the wall shear stress ( )w  and the surface of the sheet ( )wq  are 

given by Rehman et al. (2019) 

 
1

2 2

2

0

0

1 , .

n

w hnf w hnf

y

y

u u T
q k

y y y
  

−

=

=

 
       

= + = −     
        

 

 (21)   

 

Equantion (21) is obtained by using Eqs. (13)-(14) and inducing Eq. (22) into Eq. (21) as 

follows                     

( ) ( )

( ) ( )

1
2 221 2

1 23 2

Re 2 0 1 0 ,

2 Re 1 0 .

n

hnf

fx x

f

f

x x

hnf

We
C f f

R

k
Nu dt

k





 

−

−

 
 = +    

 

− =

 (22)   

 

The local Reynolds number is defined as 
( ),

Re .
w

x

f

xu x t


=   

3. Results and Discussion 

This section aims to examine how crucial parameters affect the behavior of a stretched sheet in 
the Carreau fluid thin film boundary layer flow. Equations (15)-(16) were numerically resolved 
by the MATLAB program's bvp4c function, which solves boundary value problems (Shampine 
et al. 2003). Along with the boundary conditions given in Eq. (17) for the selected values of the 
hybrid nanoparticle volume fraction (𝜙ℎ𝑛𝑓), Weissenberg number ( )We , suction/injection 
parameter ( )S , unsteadiness parameter ( ) , power-law index ( )n , and Prandtl number (𝑃𝑟). 
The fixed ranges of the parameters’ values are ( )0.6 1.2  , ( )0.3 0.2S−   , 

( )0 0.5We   and ( )0.6 1.6n  . Since the base fluid in the current study is CMC/water, the 
Prandtl number (Pr) is remained constant at 8 throughout the computation. The range of the 
hybrid nanoparticle volume fraction, 𝜙ℎ𝑛𝑓 is fixed at 𝜙ℎ𝑛𝑓 = 𝜙1 + 𝜙2 = 0.02 + 0.02 = 0.04. 
The alumina nanoparticle volume fraction 𝜙1 is regarded as zero for the monotype nanofluid 
case. It is crucial to confirm the mathematical model as shown in Eqs. (15)-(17) and evaluate 
the effectiveness of the collocation method before discussing the current numerical results. The 
thin film flow problem examined by Wang (2006) has been analysed using the MATLAB 
program's bvp4c function. The outcomes are shown in Table 3 and Table 4 to evaluate the 
efficacy of the present method. The numerical findings and the prior analytical solutions agree 
very well. 

Table 3: Numerical values comparison for 𝑓″(0) when 𝑚 = 𝑃𝑟 = 1 and 𝑊𝑒 = 𝑀 = 𝑆 = 0 

𝑆 
𝑅 𝑓″(0) 

Wang (2006) Present output Wang (2006) Present output 

0.6 3.13125 3.131710 −3.74233 −3.742786 

0.7 2.57701 2.576995 −3.14965 −3.149614 

0.8 2.15199 2151994 −2.68094 −2.680966 

0.9 1.81599 1.815987 −2.29683 −2.296825 

1.0 1.54362 1.543616 −1.97238 −1.972385 
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Table 4: −𝜃′(0) comparison value in Wang (2006) problem solution 

S  
−𝜃′(0) 

Wang (2006) Present output 

0.01 0.090474 0.090474 

0.1 0.756162 0.756162 

1 3.595970 3.595991 

2 5.244150 5.259187 

3 6.514440 6.533702 

 

Figure 2(a) and Figure 2(b) reveal the impacts of various power-law index parameters n  on 

the flow field for both hybrid nanofluid and mono nanofluid cases. As n  rises from 0.6 to 1.6, 

the velocity profile diminishes. When the n  value is increased, it means that the Carreau fluid 

signifies shear thickening ( )1n  , yielding the fluid becoming more viscous for both hybrid 

and mono nanofluid cases. However, an increment in n  contributes to the decrement of the 

fluid temperature, raising the heat flow and increasing the heat transfer rate over the sheet 

surface, as illustrated in Figure 2(b). These are the effects of a decreasing fluid viscosity on the 

current model. 

 
    (a)                                                                                      (b) 

Figure 2: Variation of 𝑛 when 𝜎 = 0.8,  𝑊𝑒 = 0.2, 𝑆 = −0.3 and  𝑃𝑟 = 8 for (a) velocity profiles, and (b) 

temperature profiles 

 

Table 5 depicts the 1 2Refx xC  values as S  varies for both hybrid nanofluid and mono 

nanofluid cases. The intensity of the injection increment when S decrementing from 0.2 to 

0.3.−  As a consequence, the stretched sheet wall shear stress increases. The impacts on the 

velocity profiles of the various unsteadiness parameter for the injection case ( )0S   and 

suction case ( )0S  , respectively, are depicted in Figure 3(a). It is noticed that the film 

thickness diminishes at the free surface when increasing injection and impacts a decline in fluid 

velocity. Even a permeable elastic sheet is stretched to induce fluid motion; altering the 

unsteadiness parameter value influences the velocity profiles. The thin film flow velocity is 

determined to drop for both cases of injection ( )0S  and suction ( )0 ,S   when the 

unsteadiness parameter value is elevated. Hence, the injection case diminishes as the value S  

rises, and the suction case exhibits a similar trend in the temperature profiles, as shown in Figure 

3(b). This occurs because of the unsteadiness parameter rising skin friction, which can lead to 

more heat being transmitted from the surface to the flow while raising the momentum of the 

fluid film. Thus, the thin fluid film of velocity and temperature consequently drops. Moreover, 
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when the wall is imposed with the injection effect ( )0 ,S  the temperature of the thin liquid 

film increases. However, when the wall suction ( )0S   is applied, the fluid temperature 

decreases. The suction effect increases skin friction and reduces the liquid film temperature by 

inducing the boundary layer to adhere more firmly to the wall. 

 

 
    (a)                                                                                         (b) 

Figure 3: Variation of 𝑆 when 𝜎 = 0.8,  𝑊𝑒 = 0.2, 0.6=n  and 𝑃𝑟 = 8 for (a) velocity profiles, and (b) 

temperature profiles 

Table 5: Numerical results of 1 2Refx xC  when 𝜎 = 0.8, 𝑃𝑟 = 8,  𝑊𝑒 = 0.2 and 𝑛 = 0.6. 

𝑆 

1 2Refx xC  

Hybrid Nanofluid  
(𝜙1 = 𝜙2 = 0.02) 

Mono Nanofluid  
(𝜙1 = 0, 𝜙2 = 0.02) 

− 0.3 −2.2001099 −2.0895695 

− 0.1 −4.2927258 −4.0770440 

0 −5.8482716 −5.5544317 

0.2 −11.9442378 −11.3440953 

 

Next, the difference between hybrid nanofluid and mono-typed nanofluid is minimal, as 

seen in Figure 4(a) and Figure 4(b). Furthermore, an increase in   was observed to disperse 

heat and reduce the fluid temperature in the fluid regime. As a result, there is less heat flux at 

the accelerating sheet on the accelerated surface, where the heat transfer is diminished. When 

the fluid velocity increases through the permeable stretched sheet, the thickness of the film at 

the free surface decreases, enhancing the stretching sheet shear stress. Additionally, this 

phenomenon occurs. However, Figure 4(b) demonstrates the temperature profiles when the 

fluid temperature diminishes; the sheet surface of the heat flux and sigma value rises. 

Typically, an increment We  increases the fluid’s relaxation time and eventually makes the 

fluid more resistant to flow. Figure 5(a) illuminates that the velocity profiles for the Carreau 

mono and hybrid nanofluids increase as the Weissenberg number rises. The Carreau fluid 

responds to external forces more gradually due to the increase in We , which explains a 

prolonged relaxation rate (Naganthran et al. 2021). Figure 5(b) depicts the temperature profiles 

in the region of the thin film. As We  increases, the Carreau hybrid nanofluid, and mono 

nanofluid cases have a decrement in the temperature profile. As the fluid travels from the 

stretched sheet surface to the thin liquid layer, an increment in We  enhances the fluid viscosity, 

resulting in flow retardation. Ultimately, the fluid temperature rises, increasing the stretching 

sheet’s surface heat flux and accelerating the heat transfer rate. 
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    (a)                                                                                          (b) 

Figure 4: Variation of 𝜎 when 𝑊𝑒 = 0, 𝑃𝑟 = 8.2, 𝑆 = −0.3 and 𝑛 = 0.6 for (a) velocity profiles, and (b) 

temperature profiles 

 

                
    (a)                                                                                          (b) 

Figure 5: Variation of We when 𝜎 = 0.8, 𝑃𝑟 = 8,  𝑆 = −0.3 and 𝑛 = 0.6 for (a) velocity profiles, and (b) 

temperature profiles 

4. Conclusion  

The current work analysed the effects of suction/injection on the Carreau hybrid nanofilm in 

thin film flows through an unsteady stretched surface. In order to produce a hybrid nanofluid, 

the Al2O3 and Cu nanoparticles suspended in pure water have been evaluated. By adopting a 

similarity transformation, the governing partial differential equations are transformed into a 

system of ordinary differential equations, which are then computed employing the MATLAB 

(bvp4c) function. The impacts of hybrid nanoparticle volume fraction 𝜙ℎ𝑛𝑓, Prandtl number 

𝑃𝑟, injection/suction parameter 𝑆, Weissenberg number We , power-law index 𝑛, and 

unsteadiness parameter 𝜎 on the fluid flow were examined in this work. The findings of this 

study are that the suction parameters are more influencing the heat transfer rate and skin friction 

coefficient more than the injection parameters. The most significant impacts of the injection 

were discovered to be a decrement in film thickness and an improvement in convective heat 

transfer rates at the free surface. Hence, the fluid flow temperature rises for injection cases, 

whereas it falls for suction cases. Further, the thin film flow of velocity increases with the 

unsteadiness parameter in both injection and suction circumstances, reducing film thickness. 
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