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ABSTRACT

The evaluation of high thermal efficiency has garnered considerable interest in the context of the
unique properties demonstrated by hybrid nanofluids. Therefore, the present study investigates the
impact of heat radiation on the unsteady rear stagnation point magnetohydrodynamic (MHD) flow
of hybrid nanofluids. The utilisation of similarity transformations allows for the conversion of
differential equations with several variables into a specific class of ordinary differential equations.
The mathematical model is solved with the bvp4c function. The findings suggest that the unsteady
rear stagnation MHD flow in hybrid nanofluid exhibits enhanced heat transfer properties compared
to both nanofluid types. The augmentation of nanoparticle concentration and the influence of
suction are discovered to have a positive effect on the skin friction coefficient. As the thermal
radiation parameter is elevated, a concomitant reduction in the rate of heat transmission is
observed. Furthermore, the findings illustrate the presence of two distinct solutions within a
particular range.
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ABSTRAK

Penilaian kecekapan haba yang tinggi telah mendapat perhatian yang signifikan berhubung dengan
ciri-ciri berbeza yang dipamerkan oleh nanobendalir hibrid. Oleh yang demikian, kajian ini
mengkaji kesan sinaran haba pada aliran titik genangan belakang magnetohidrodinamik (MHD)
tak mantap dalam nanobendalir hybrid AlI203-Cu/H20. Penggunaan penjelmaan keserupaan
membolehkan penukaran persamaan pembezaan berbilang pemboleh ubah kepada persamaan
pembezaan biasa. Model matematik yang telah ditentukan diselesaikan dengan menggunakan
fungsi bvp4c. Keputusan menunjukkan bahawa aliran nanobendalir hibrid pada titik genangan
belakang MHD diiktiraf mempunyai keupayaan pemindahan haba yang unggul berbanding dengan
kedua-dua aliran nanobendalir. Peningkatan kepekatan nanozarah dan kesan sedutan diperhatikan
dapat meningkatkan pekali geseran kulit. Apabila parameter sinaran haba meningkat, terdapat
penurunan yang sepadan dalam kadar penghantaran haba. Di samping itu, keputusan kajian
menunjukkan  kewujudan penyelesaian dual dalam julat tertentu pada parameter
meregang/mengecut.

Kata kunci: aliran titik genangan; MHD; nanobendalir hybrid; radiasi terma; bvp4c

1. Introduction

Based on prior investigations, the incorporation of nanoparticles into conventional fluids has been
observed to augment their thermal conductivity, hence improving their heat transfer capabilities
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(Suresh et al. 2011). Consequently, a novel heat transfer fluid has been developed. Hybrid
nanofluids are a promising and innovative fluid category with significant potential for many
industrial applications. Nanoparticles are dispersed inside conventional fluids to generate them. In
addition, the formulation of these fluids may involve the incorporation of either metal or non-
metal particles in order to get the most effective combination of the mixture. Hybrid nanofluids
have been employed in diverse domains, encompassing heat transfer (Huminic & Huminic 2018;
Sidik et al. 2016).

Nevertheless, the selection of suitable nanoparticles is a crucial determinant in maintaining the
stability of hybrid nanofluids. Further evaluation of the flow and heat transfer in the boundary
layer, considering different governing parameters within hybrid nanofluids can be found in the
following studies. Khashi’ie et al. (2022) elucidate the comparative efficacy of heat absorption in
relation to heat generation inside the thermal flow process of. Shoaib et al. (2020) conclude that
an increased value of the magnetic parameter led to elevated levels of frictional forces, resulting
in a reduction of the velocity field and an increase in the temperature field. In another study,
Waini et al. (2022) suggest that the inclusion of the unsteadiness parameter produces a supporting
influence on the rate of heat transfer, while Zainal et al. (2022) reached to conclusion that
lowering the unsteadiness parameter proportionally increases the performance of the heat transfer.

According to Ajbar et al. (2023) experimental work, it was found that all hybrid nanofluids
exhibit enhanced thermal efficiency in parabolic trough solar collectors. Alshuhail et al. (2023)
deduce that most of the research concluded that boosting the collector's thermal efficiency can be
achieved by replacing the working fluid with high thermal conductivity fluids known as
nanofluids and hybrid nanofluids. This was found to be the case in most of the studies.
Meanwhile, Modi et al. (2023) conducted comparative performance research on the utilisation of
mono and hybrid nanofluids. The study revealed that the incorporation of nanoparticles into the
base fluid enhances both the thermal characteristics and heat transfer capability.

Researchers have also shown considerable interest in the stagnation flow owing to its
significant relevance in the field of engineering. The study conducted by Greco et al. (2020)
significantly contributed to the analysis of flow management at the rear stagnation point.
However, the focus of the previous research was on steady currents. Instability in the flow may
occur if the free stream velocity or the surface temperature suddenly changes. The effect of
buoyancy on the unsteady flow across a vertical surface was studied by Devi et al. (1991), using
boundary layer approximations. Fang and Jing (2013) made significant findings by identifying
exact solutions in the context of unsteady rear stagnation point flow. Recently, researchers have
conducted analytical and numerical investigations on the phenomenon of unsteady flow.
Analytical solutions to heat conduction issues with three different forms of periodic boundary
conditions were discovered by Xu et al. (2023), along with applications of these solutions. In
their study conducted in 2023, Yahaya et al. (2023) identified the presence of dual solutions
throughout the computational process, instigating an investigation into the stability of the
solution. The analysis correctly identified the first solution as stable and meaningful from a
physical standpoint.

An analytical study conducted by lzadi et al. (2020) revealed that the use of the MHD
parameter demonstrates a favourable influence on the thermal progression of nanofluids within
porous metals, specifically for the purpose of cooling central processing units (CPUs). The
findings align with the experimental investigation undertaken by Chen et al. (2021). In a separate
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investigation, Mohyud-Din et al. (2018) conducted a comprehensive examination of a research
endeavour focused on analysing the impact of heat and mass transfer on the
magnetohydrodynamic (MHD) motion of nanoparticles. The employment of a magnetic field has
been reported to enable the modification of boundary layer separation in several physical
phenomena. In a study conducted by Waini et al. (2020), it was reported that the utilisation of a
hybrid nanofluid, in the presence of a magnetic field, resulted in enhanced thermal performance
when compared to a regular nanofluid. Several relevant studies pertaining to the aforementioned
discourse are currently accessible, including those conducted by Jaafar et al. (2022), Wahid et al.
(2022), and Zainal et al. (2021).

From the above literature reviews, the current study is intended to carefully evaluate the
hybrid nanofluid with the combination of alumina/copper nanoparticles and a magnetic field
subjected to an unsteady MHD rear stagnation point flow. The research emphasises the novelty of
the conceptual hybrid model employed to address the unsteady flow problem, incorporating both
MHD and thermal radiation effects. The comprehensive examination of the suggested model,
particularly the mathematical framework of the hybrid nanofluid model in unsteady rear
stagnation point flow with magnetic and thermal radiation impact, has not been comprehensively
examined in previous scholarly investigations. The earlier study conducted by Turkyilmazoglu et
al. (2017) and Bhattacharyya (2011) did not incorporate these particular features. Furthermore,
this study has examined the outcomes of dual solutions in relation to the encompassing issue.
Moreover, the examination of the impact of suction on boundary layer flow is subject to debate,
thus necessitating an investigation of this particular parameter. The ultimate analysis is presented
in the form of figures and tables. This research exhibits the utilisation of a quantitative approach
in the thermal extrusion manufacturing procedure, particularly in the production of plastic films.
The results of this study are expected to make a valuable contribution to the existing knowledge
in the fields of thermal systems and boundary layer analysis, particularly for fellow scientists and
researchers. The understanding of flow properties within the stagnation zone of the potential heat
transfer fluid has significant practical ramifications, which makes it notably relevant.

2. Problem Formulation

The unsteady MHD rear stagnation-point flow ofiAl,O; —Cu/H.O hybrid nanofluids with
radiation impact past a permeable surface is considered, as demonstrated in Figure 1. The velocity
is noted as u, =-u,x/(1-¢t), which u, and ¢ are constant, that calculate the unsteadiness
strength. The wall’s moving velocity is u, =u,x/(1-¢t) and v, (x,t) along the x— and y- axis,
respectively. Further, T, (xt)=T,+Tox/L(1-¢ét) is wall temperature, while T, is ambient
temperature. It is stated that there is no variation in the size of the nanoparticles. On the basis of
the aforementioned presumption, the governing equations of the mathematical model of hybrid
nanofluids can be formulated as follows (Devi et al. 1991; Fang & Jing 2013):

oxX oy
ou du du au, U, Myt O°U Opy
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or  oT ot Kt O°T 1 o
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Next, using the Rosseland approximation, the radiative heat flux g, is given by Rosseland
(1936):

oo to
T3k oy’

(4)

where o is the Stefan-Boltzman constant and k™ is the mean absorption coefficient of the
nanofluid. Now, we assume that the temperature difference within the flow is such that T* may
be expanded in Taylor’s series. Thus, expanding T* about T, and neglecting the higher-order
terms we get:

T* =47 °T -31.°, (5)
Hence, we have:

oq, 16T %" o°T
By K ©)

Consequently, using Eqg. (6) in Eq. (3) we obtain:

oT  orT oT Kt 0°T 16T °%  o°T

—tUl— V= 7
o ax oy (pCy), (e, Y

Meanwhile, the boundary conditions of the above mathematical assumption are given by:
V=V, (xt),u=2u,(xt),T=T,(xt), aty=0, @®)

u—>u,(xt),T->T,(x), asy—>co.

The wall mass transfer v, (x,t) denotes as v, (x,t) <0 for suction, while B, is the transverse
magnetic. The shrinking parameter is symbolised by 1<0 while 2>0 represent stretching
surface. Table 1 presents the physical features of the fluids that have been chosen for analysis.
Meanwhile, Table 2 displays the correlation coefficient specifically for the hybrid nanofluids.
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Figure 1: The coordinate systems of the mathematical model: (a) stretching (b) shrinking sheet

Table 1: Thermophysical properties of nanoparticles (Abu-Nada & Oztop 2009)

Physical properties p(kg / m3) k(W /mK) C,(J/kgK)
H20 997.1 0.613 4179

Al20s3 3970 40 765

Cu 8933 400 385

Table 2: The correlation coefficient of hybrid nanofluid (Takabi & Salehi 2014; Ghalambaz et al. 2020)

Properties Al20s-Cu/H20

Densi
ensity Pt = (1— /. )pf +hpa+ b0

Dynamic viscosity Hini = Hy /(1_¢hnf )25

Thermal capacity (pCP )hnf :(pcp)f (]'_q%1nf )+(pCP)51¢1+(pCP)sz Z
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-
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o
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The following similarity variables are implemented (Fang & Jing 2013):
u Vf u,
t)= : : 9
XY, / )y y (9)

upXf'(77) UV,

thus,

UoVs

u= ,V=— f(n), v, =—-|—-=S, (10)
(1-¢t) (1-¢t) () (1-¢t)
Next, by invoking the similarity variables in Egs. (9) and (10), so we have:
Fhot [ M n g f'2+1—§(f'+ﬂ f"+1j—0“”f/‘7f M (f'+1)=0, (11)
Pt /pf 2 Pt /pf

i{ ]_/ }{khm ngJen_i_fa!_ffg_é’(g_,_%g'j:a (12)

f(0)=5, f'(0)=4, 6(0)=1,

f'(n)—>-1, 6(n)—>0 (13)

which M =o¢B/u, p; corresponds to the magnetic parameter where B=B1-¢t,

Pr=u;C,/k; , and & =¢&/a is the unsteady parameter. The radiation parameter is denoted as
Rd =40'T°/k,k". The necessary physical quantities are

_ X ar
NUX - kf (TW _Tw)l: khnf (ay]y_o +(qr)y—0]

and
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Then, we have:

K
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where Re, =uox? /v (1-&t).

3. Results Interpretation

This section documents the results of the computation of Egs. (11)-(13) using the bvp4c proposed
in the earlier conceptual framework. A relative tolerance value of 107" is utilised in the
implemented computation. In the given scenario, it is necessary to make an initial assumption for
Egs. (11)-(13) when utilising the bvp4c tool, as there is a potential for multiple (dual) solutions.
Although the predictive capabilities of the bvp4c technique are limited, it has the potential to
ultimately achieve convergence towards the intended initial solution. Hence, the process of
determining a suitable first estimate for the initial solution is uncomplicated. Nevertheless, the
challenge of identifying an alternative solution that satisfies the requirements of being a suitably
precise approximation is quite arduous. In this specific instance, the utilisation of the continuation
approach was employed, as suggested by Shampine et al. (2003). The study's validity is
substantiated through a comparative analysis with previous studies. The discoveries and findings
presented in Table 3 exhibit a noteworthy level of consistency. Table 3 presents a comparison
between the outcomes of the current viscous fluid model and those obtained by Bhattacharyya
(2011) and Turkyilmazoglu et al. (2017). Additionally, it is crucial to emphasise the existence of
many solutions in Figures 2-5. These solutions can be attributed to the satisfaction of the
boundary condition in Eq. (13) provided the parameter values are employed within the designated
range.

Table 3. Approximation values of Re,**C, as e=M =6 =S =¢ = ¢, =0.

1 Present result Bhattacharyya 2011 Turkyilmazoglu et al. 2017
First sol. Second sol. First sol. Second sol. First sol. Second sol.
—0.25 1.4022408 - 1.4022405 - 1.4022408 -
—0.50 1.4956698 - 1.4956697 - 1.4956670
—0.75 1.4892982 - 1.4892981 - 1.4892982 -
—1.00 1.3288169 0.0000000 1.3288169 0.0000000 1.3288168 0.0000000
—1.15 1.0822312 0.1167021 1.0822316 0.1167023 1.0822312 0.1167021
—1.20 0.9324733 0.2336497 0.9324728 0.2336491 0.9324733 0.2336497
—1.2465 0.5842817 0.5542962 0.5842915 0.5542856 0.5842813 0.5542947
—1.24657 0.5745257 0.5640125 0.5745268 0.5639987 0.5774525 0.5640081

Various physical parameters employed in this investigation were numerically calculated. In
this investigation, we use several variants of ¢ i.e. 0.00<4¢,#, <0.01. The domain of nanoparticle
concentrations explored in this work is based on the empirical inquiry undertaken by Suresh et al.
(2011; 2012). The researchers conducted a study in which they synthesised and characterised a
nanocomposite powder consisting of Al.Os-Cu/water. They investigated several volume
concentrations of the nanocomposite, between 0.1% to 2%. The authors conducted a study to
assess the stability of the nanofluids they prepared. This was achieved by measuring the pH of the
nanofluids. The findings of the study revealed a negative correlation between the volume
concentration of nanofluids and their stability. Therefore, we have reached the conclusion that the
hybrid nanofluid, which involves the suspension of different nanoparticles such as alumina
(Al>03) and copper (Cu) in water, holds great potential for yielding substantial insights into the
study of boundary layer flow and heat transfer properties in the present examination. According
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to Turkyilmazoglu (2015), it has been shown that nanofluids exhibit non-Newtonian fluid
behaviour when their volumetric concentration surpasses a range of 5% to 6%. Consequently, the
selection of the total amount of copper nanoparticles and alumina nanoparticles in this
investigation adheres to the specified range of 0.01 < A <0.02 volume fraction.

Additionally, a variety of controlling parameter values are defined to the preceding scope
where the value of the magnetic and unsteadiness parameter are fixed to M =6.0, £ =-2.0, while
the suction and radiation parameter are set within 3.0<S <4.0 and 0.0<Rd <0.5, respectively, in
order to ensure that the results achieved are compatible with one another. It is important to note
that an adequate preliminary estimation needs to be determined by the values of the provided
parameter in order to get the desired solution. In the entire study, the dual solutions are observed
with a particular range of a critical point, i.e., 4, only when the sheet is shrinking (1<0).
Meanwhile, no solution is observed when A< A, as it describes the occurrence of the boundary
layer separation.

Figure 2 describes the influence of nanoparticles concentration when ¢ is varied as the sheet
shrinks. When ¢ =0.00,4, =0.01, the alumina-water nanofluid (Al.Os/H20) is formed, while
# =0.014,=0.00 denoted the copper-water nanofluid (Cu/H.0). The combination of
# = ¢, =0.01 produced the alumina-copper/water hybrid nanofluids (Al2Oz— Cu/Hz0). As shown
in Figure 2(a), the increment of ¢ evidently improves the trend in the skin friction coefficient
(f”(O)) when applied to a shrinking surface. The result indicates that the combination of
Al203 - Cu/H,0 presented the highest trend in f”(0) followed by Cu/Hz0O and Al,0s/H,0. This
may be due to the frictional drag exerted upsurges and potentially slowing the boundary layer
separation on the shrinking surface of Al,O3;-Cu/H,O. The increase in the rate of heat transfer
—0'(0) corresponds to the increment of ¢ is accessible in Figure 2(b). All fluids are seen to
fluctuate upside down along the shrinking sheet. The combination of several parameter including
the radiation parameter may contribute to this diversity of flow characteristic. Focusing on the
highest peak of the flow trend, it is proven that the Al,O; - Cu/H,0O shows better performance in
heat transfer efficiency. The data presented in the figure indicates that the rate of heat transfer in
the alumina-water nanofluid (Al,O3/H;0) is comparatively lower than that observed in the
copper-water nanofluid (Cu/H.0). In aluminium nanoparticles, free electrons are more likely to
be scattered by phonons than in copper nanoparticles. Hence, copper have better heat and
electrical conductivity which make copper is a better conductor than aluminium. However,
aluminium is more flexible which makes it easier to wind in production. In order to optimise the
individual behaviour of the nanoparticles, the researcher has implemented a hybrid nanofluid to
enhance the thermo-rheological features of the single particle nanofluids. As a result, it can be
observed that the hybrid nanofluid exhibits improved thermal conductivity and excellent
dispersion stability due to the predominant attributes of individual nanoparticles.

Figures 3(a) and 3(b) depict the velocity profile f'(7) and temperature profile —6'(0),
respectively. Figure 3(a) apparently showed that the increasing values of nanoparticles volume
concentration ¢ specifically in Al:O3-Cu/H;0O, increase the momentum boundary layer
thickness in the first and second solutions. Meanwhile, the temperature distribution profile 6(7)
presents a downward trend with the addition of ¢ in the shrinking surface, as exhibited in Figure
3(b). As can be seen, the thickness of the thermal boundary layer inclines in both solutions. In
addition to that, the outcomes of Figure 3(b) is aligned with Figure 2(b) where the relation
between the reduction of temperature profile distributions and heat transfer rate coefficient is
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observed. Overall, both velocity and temperature distribution profiles met the far-field boundary
conditions (13) asymptotically when 7, =6 is implemented. The impact of suction effect S in
Al,03-Cu/H,0 are portrayed in Figures 4(a) and 4(b) concerning f”(0) and —¢'(0), respectively.
Figure 4(a) displays that as S improved, f”(0) increases in both solutions. On the other hand,
Figure 4(b) illustrates an increasing pattern of —¢'(0) when S improves in the first solution,
hence we can conclude that the thermal performance quality has improved as the suction
parameter enhances. The inclusion of suction is to simultaneously cause fluid motion to move
quicker and assist hot particles in moving toward the wall, which speeds up heat transfer.
Additionally, the increase in suction values has expanded the scope of potential solutions, as

illustrated in Figure 4, hence allowing for a prolongation of the boundary layer separation
phenomenon.
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Figure 2: Different values of ¢ versus A (a) reduced skin friction coefficient (b) reduced heat transfer coefficient
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Figure 3: Different values of ¢ with7 (a) velocity profile (b) temperature profile
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Figure 4. Different values of S with A (a) reduced skin friction coefficient (b) reduced heat transfer coefficient

The influence of Rd is presented in Figure 5. Figure 5(a) shows the variations of —¢'(0) for
Rd =0.0,0.3,0.5. Meanwhile, 6(r) with respect to Rd is displayed in Figure 5(b). We found that
Rd has a discernible effect on the temperature of the hybrid nanofluids that we were
experimenting with. Physically, —¢'(0) increases when Rd is increased as a result of the
existence of thermal energy conversion, which also results in an increase in the thickness of the
thermal boundary layer. This is because the presence of Rd causes a greater quantity of heat to be
produced and released into the flow, which helps to increase the thickness of the momentum
boundary layer. It is notable that the enhancement of the thermal field is due to a decrease in (k*)
as Rd increases. With the knowledge that the rate of energy transmission to the hybrid nanofluids
is skewed due to the effect of Rd , the temperature of the fluids rises as Rd increases, as shown in
Figure 5(b).
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Figure 5. Different values of Rd with 4 and 7 (a) velocity profile (b) temperature profile
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4. Conclusions

The present study aims to validate a computational model that simulates the effects of thermal
radiation on the unsteady MHD flow at the rear stagnation point of a stretching or shrinking plate.
Based on the data collected, it can be inferred that the existence of both the initial and following
solutions is substantiated throughout a diverse spectrum of control parameters encompassing
various nanoparticle configurations. It is apparent that enhancing the thermal efficiency can be
achieved by the augmentation of both the concentration of nanoparticle volume fraction and the
suction parameter. It can be observed that the thermal conductivity of Al203-Cu/H.O hybrid
nanofluids is comparatively higher than that of traditional nanofluids, particularly when
considering the suction parameter. In the context of the hybrid nanofluid system, an increase in
radiation parameters leads to a decrease in thermal performance. This can be attributed to the
excess heat generated by the conversion of thermal energy, which is then released into the
working flow.
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