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ABSTRACT

In this article, we introduce a class of concave analytic functions S"C («) defined by
0

Salagean differential operator. We study some properties like coefficient inequalities,
distortion theorems and extreme points for this class.
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ABSTRAK

Dalam makalah ini, suatu kelas fungsi analisis cekung S”Co(a) yang ditakrif oleh

pengoperasi pembezaan Saldgean diperkenalkan. Beberapa sifat seperti ketaksamaan pekali,
teorem erotan dan titik ekstrem untuk kelas ini dikaji.

Kata kunci: fungsi analisis; fungsi cekung; pengoperasi pembezaan Saldgean; ketaksamaan
pekali; teorem erotan; titik ekstrem

1. Introduction

The study of operators plays an important role in mathematics especially in geometric
function theory. Recently, the interest in this area has been increasing because it permits
detailed investigations of problems with physical applications. For example, the differential
operator is linked between function theory and mathematical physics. Ruscheweyh (1975),
Noor and Noor (1999, 2003), Noor (1999), Kim and Srivastava (1997); Darus and Ibrahim
(2008) defined new operators and studied various classes of analytic and univalent functions,
which generalise a number of previously well known subclasses and at that times they
discovered new subclasses of analytic functions. Salagean (1983) defined the differential
operator S” of the class of analytic functions by using the technique of convolution. Many
authors have used the Saldgean operator to define and investigate the properties of certain
known and new classes of analytic functions. We mentioned some of them in recent years.

Eker and Seker (2007) investigated new subclasses of multivalent functions involving
Salagean operator and studied coefficient inequalities and other interesting properties of these
classes.

Mahzoon and Latha (2009) studied new subclasses of analytic functions and derived some
convolution properties of functions f'in this class. Furthermore, Oros et al. (2009) introduced
a class of holomorphic functions by using a certain operator S” and obtained some
subordination results.

In 2010, Li and Tang defined new classes of analytic functions by using the Salagean
operator. They provided coefficient inequalities, distortion theorems, extreme points and
radius of close-to-convexity, starlikeness and convexity of these classes. Moreover, Sun et al.
(2010) derived some coefficient inequalities for certain classes of analytic functions, which
were defined by means of the Sdldgean operator.
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By using the Salagean differential operator and Alexander integral operator for analytic
functions f (z) with £ (0) = 0 and /' (0) = 1 in the open unit disk D Kugita et al. (2010)
defined the class of (a, J) -neighbourhood for analytic functions with some interesting
properties for (a, J) -neighbourhood have been established.

Recently, Aouf et al. (2012) derived several subordination results for certain new classes
of analytic functions defined by using S” operator. El-Ashwah et al. (2013) gave some results
for a new class of analytic functions defined by using Séldgean operator and they studied some
properties of functions in this class and obtained numerous sharp results including coefficient
estimate, distortion theorem, radii of starlikeness, convexity, close-to-convexity, extreme
points, integral means inequalities and partial sums of functions belonging to this class.

Also, Aouf et al. (2013) derived some results for certain subclasses of analytic functions
defined by Salagean operator with varying arguments.

2. Preliminaries

Let H be the class of functions analytic in the open unit disk D={zeC:|z| <1} and
Hle, n] be the subclass of H consisting of all functions of the form

f(z)=a+ akz" +a 1z”‘ +.... Let A be the subclass of H consisting of functions of the form

f(z)=z+§2akz", zeD. (D)

For f (z)€4, Salagean (1983) introduced the following operator, which is called the
Saldgean operator. This operator is defined as follows:

S f(2)= f(2),

S'f(z)=zf"(2),

S"f(z)=8(S"' f(z)) (neN=12,.).
We note that

§"(z)= z+§2 k'az'(ne N =NuU{0}). )

A function f: D — C is said to be belonged to the family C (), if f satisfies the following
conditions:

(1) fis analytic in D with the standard normalisation /" (0) = /' (0) — 1 = 0. In addition, it
satisfies f(1)=oo.

(2) fmaps D conformally onto a set whose complement with respect to C is convex.

(3) The opening angle of /(D) at o is less than or equal to mer,or €(1,2].
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The class C () is referred to concave univalent functions and for a detailed discussion about
concave funt:tions, we refer to Avkhadiev et al. (2006); Avkhadiev and Wirths (2005); Cruz and
Pommerenke ( 2007) and the references therein.

Bhowmik et al. (2010) showed that an analytic function f maps D onto a concave domain

of angle 7 if and only if Re p(2)>0,zeD, where

_ 2 [@+hl+z @)
pf(Z)_O{—1|: 2 1= Zf’(z)}'

Now in the following definition, we define new subclasses of concave analytic functions
involving Salagean differential operator.

Definition 2.1. Let f(z)e 4. Then f(z)eS"C () if and only if

2 |atilz | [SYE]

P . 7170 3)
“ © [s7e)]

oe(1,2], n>0 and ze D. Where S"f(z) is given by (2).
Remark 2.2. When n=0 in (3), we get the class of concave univalent functions.

This paper mainly studied the class $"C («). In particular, we provide coefficient inequalities,
. . . .. .0 . . .
distortion inequalities and extreme points of the function in this class.

3. Coefficient inequalities for the class S ”Co(a )

In this section, we derive sufficient conditions for f (z) belonging to the class S 'C @), which
are obtained by using coefficient inequalities.

Theorem 3.1. If f(z) e A satisfies the inequality
S (a=Dk" +2k")]a |<3-a, 4)
forsome oce(1,2], neN, then f(z)e S”Co(a).

Proof. We want to prove that

Re 2 la+ll+z zg'(z) 0.
a-1 2 1-z g(z)

By using the fact that Re 1 >% < |w=1|<1, it is enough to show that |w |<1.
w
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1
w oa-—1

2 {(x+ll+z_zg'(z)} )

2 1-z g(z2)

where g(z)=z(S"f(z)y and S"f(z)=z+ ; kaz' .
So we have
_ > ntl k-1
g(z)= z(1+ Zi k az ),
’ _ S 7,2 k-1
g (z)—1+k§2k az".

Substituting for g(z) and g’(z) in (5) yields

a-1 20- 51+ 5 ka2

2 |(a (1)) (14 S ka2 )= 21 z)(l +5 k% )

lwi=

Let z — —1, we observe that

11+ k" a
] Lol gz M| A
2 1+Z,2k \ak|

Lo HERa ]
2 | 1=3 k" a |
k=2 k

The last expression is bounded by 1, if

1+ k" a| -
L= L ,

1-S k" a | a-1
k=2 k

which is equivalent to the condition (4). This completes the proof of Theorem 3.1.0

4. Distortion Inequalities

Using the inequality (4), the following result gives the distortion bounds for functions in the

class S'C () -

Lemma 4.1. If f(z)eS"C (@), then we have

(6)

) G-a)-3 (a-Dk™ +2k™)a
z a S k=2 k
KpH ok (a=D(p+D)™"+2(p+1)"

where ne N, ¢ e(1,2].
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Proof. In view of Theorem 3.1, we can write
S (a-Dk"+2k")a <G-a)-3 (a-DE™ +2k")a .
K=pH k = k
Thus, we obtain

(@=D(p+D)" +2(p+1)" 5 a <G-a)- 5 (a-D k" +2k")a.

Hence this implies

3 G-0)-3 (= Dk™ +2k"™) a
a < = E=Y O
T (a=D(pH )T 2(p 1) k

Lemma 4.2. If f(z)eS"C (), then we have

G-0)=3 (@-Dk" +2k") a
a < E— A
ST (a=D(pt+1Y +2(p+ 1) ¥

where ne N, xe(1,2].

Proof. In view of Theorem 3.1, we can write
< n nl nl 2
,F%H (a=Dk"+2k™) k a S(3—a)—§2((a—1)k +2k )ak.
Thus, we obtain
(@=D(p+1)'+2(p+1)" ¥ ka <B3-a)-3 (a-Dk" +2k")a.
2

Hence this implies

G-a)-3 (a-Dk" +2k) a
a < =2 L=A .0
KR (a=D(p+1)"+2(p+1)" k

Theorem 4.3. Let f(z)eS"C (). Then, for |z|—1 we have
- k - k
1-Ya |z =Y <|f()|<1+%a |z} +Y

and

— L ’, < 1
1-Ska |21 -A S| S@IS1H S ka |21 +A,
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Proof. Let f(z) given by (1). For |z|— 1 and using Lemma 4.1, we have
| f)|<|z|+%a |z +3 a |z[<|z|+%a |z} +|z[" 3 a
=k KEpHl & =k KEpH k
<1+3a |z[ +T .
k=2 Kk k
On the other hand, we have
> _ I ks _ ko P
f@)zlzl-%a |zl =5 a |z} 2z|-Fa |zf -z 5 a
Zl—f,a [z =Y .
=2k k

Also, for |z|—1 and using Lemma 4. 2, we obtain

| 7)1+ S ka |27+ 3 ka |z]"'<1+ S ka |z[7 +|z]" 3 ka
k=2 k k=p+l k k=2 k k=p+1 k

<1+3 ka |z[7 +A
k=2 k k
and

| /) |21-Ska |z[7 =3 ka |z|"=21-Ska |z|" —|zI" 3 ka
k=2 k k=p+1 k k=2 k k=p+1 k
>1-Ska |z]" -A .
k=2 k k

This completes the assertion of Theorem 4.3. O

Taking p=1 in Theorem 4.3, we have the following result.

Corollary 4.4. Let f(z)e S"C (a). Then for |z|>1

33—« 33—«
(DSl
2" (o +3) 2" (o +3)

and
33—« 33—«
- )| ———
s O RS

5. Extreme points
The determination of the extreme points of a family f'(z) of concave functions enables to solve

many extreme problems of /' (z). Now, let us determine extreme points of the class $"C ().

42



Certain new class of concave functions defined by Salagean differential operator

Theorem 5.1. Let f(2)=z and

33—«

_OTE k=23,
@Dk 1ok )

fk(z)=z+
where o e(1,2],and ne N.

Then, f(z)e S"C (@) if and only if it can be expressed in the form

f@=uf@+Euf ()

where 4 >0 and ,Ul:l—ilL

=2k

Proof. Suppose that

3—« o
k(a—=Dk™ +2k™ "

f@=n @D+ uf()=z+3u
Then

3—o
((a =Dk +2k™

S (=D& +2k")

k=2

yg:;G—a»g:G—aXh¢Q<3—w
Thus, f(z)e §'C (@) from the definition of the class of f(z)e S'C ().

Conversely, suppose that f(z) e S"C (e) - Since

3-a
a S ntl n2
c T (a—Dk™ +2k

(k=2,3,..),

we may set that

_ (e —Dk™ +2k™
k 3—x

a (k=23,.)

and

P
N
>

=
I
T
T
=

So that

3—« A
zZ .
e (a_l)k/x+l+2kn+2

J@=pf@D+Euf()=z+Zu

This completes the proof of Theorem 5.1. o
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Corollary 5.2. The extreme points of S"C (o) are the functions f(2)=z and

3—«
(=)™ +2k™

f(@)=z+ 2 (k=2,3,..).

6. Conclusion

The class of concave analytic functions S"C («r) defined by Séldgean differential operator is
. . . 0 . . . .
introduced. Some characterisations and properties of this class are investigated.

Acknowledgement

The work here is supported by LRGS/TD/2011/UKM/ICT/03/02.

References

Aouf M.K., El-Ashwah R.M., Hassan A.A.M. & Hassan A.H. 2012. On subordination results for certain new classes

of analytic functions defined by using Saldgean operator. Bulletin of Mathematical Analysis Functions and
Applications 4(1): 239-246.

Aouf M.K., El-Ashwah R.M. & Abdulkarem F.M. 2013. Certain classes of analytic functions defined by Séalagean
operator with varying arguments. Electronic Journal of Mathematical Analysis and Applications 1(2): 355-360.

Avkhadiev F.G., Pommerenke Ch. & Wirths K-J. 2006. Sharp inequalities for the coefficient of concave schlicht
functions. Comment. Math. Helv. 81: 801-807.

Avkhadiev F.G. & Wirths K-J. 2005. Concave schlict functions with bounded opening angle at infinity. Lobachevskii
J. Math. 17: 3-10.

Bhowmik B., Ponnusamy S. & Wirths K-J. 2010. Characterization and the pre-Schwarzian norm estimate for
concave univalent functions. Monatsh. Math. 161: 59-75.

Cruz L. & Pommerenke Ch. 2007. On concave univalent functions. Complex Var. Elliptic Equ. 52: 153-159.

Darus M. & Ibrahim R. 2008. Generalization of differential operator. Journal of Mathematics and Statistics 4(3):
138-144.

Eker S.S. & Seker B. 2007. On a class of multivalent functions defined by Salagean operator. General Mathematics
5(2): 154-163.

El-Ashwah R. M., Aouf M. K., Hassan A.A.M. & Hassan A.H. 2013. A new class of analytic functions defined by
using Salagean operator. International Journal of Analysis 2013, ID153128, 10 pp.

Kim Y.C. & Srivastava H.M. 1997. Fractional integral and other linear operators associated with the Gaussian
hypergeometric function. Complex Var. Theory Appl. 34: 293-312.

Kugita K., Kuroki K. & Owa S. 2010. (¢¢,d) - Neighborhood for functions associated with Sildgean differential
operator and Alexander integral operator. /nt. Journal of Math. Anal. 4(5): 211-220.

Li S.H. & Tang H. 2010. Certain new classes of analytic functions defned by using the Salagean operator. Bulletin of
Mathematical Analysis and Applications 2(4): 62-75.

Mahzoon H. & Latha S. 2009. A Note on certain classes of analytic functions defined by Salagean operator. Int.
Journal of Math. Analysis 3(13): 611-617.

Noor K.I. 1999. On new classes of integral operators. J. Nat. Geom. 16: 71-80.

Noor K.I. & Noor M.A. 1999. On integral operators. J. Math. Anal. Appl. 238: 341-352.

Noor K.I. & Noor M.A. 2003. On certain classes of analytic functions defined by Noor integral operator. J. Math.
Anal. Appl. 281: 244-252.

Oros G.I., Sendrutiu R. & Taut A.O. 2009. On a class of univalent functions defined by Salagean differential operator.
Banch Journal of Mathematical Analysis 3(1): 61-67.

Ruscheweyh S. 1975. New criteria for univalent functions. Proceeding of the American Mathematicl Society 49:
109-115.

44



Certain new class of concave functions defined by Salagean differential operator

Séalagean G.S. 1983. Subclasses of univalent functions. Lecture Notes in Math. 1013: 362-372. Berlin: Springer-
Verlag.

Sun Y., Kuang W.P. & Wang Z.G. 2010. Coefficient inequalities for certain classes of analytic functions involving
Sélagean operator. Acta Universitatis Apulensis 21: 105-112.

School of Mathematical Sciences

Faculty of Science and Technology

Universiti Kebangsaan Malaysia

43600 UKM Bangi

Selangor DE, MALAYSIA

E-mail: epdo04@hotmail.com”, maslina@ukm.my

*Corresponding author

45



